The homotopy method is used to find all eigenpairs of a generalised symmetric eigenvalue problem Ax = XBx with positive definite B. The determination of n eigenpairs (x, A) is reduced to curve tracing of n disjoint smooth curves in R n x R x [0,1]. The method might be attractive if A and B are sparse symmetric. In this paper it is shown that the method will work for almost all symmetric tridiagonal matrices A and B.
Introduction
Solving a generalised symmetric eigenvalue problem with positive definite B, Ax = XBx, (1.1) can be regarded as solving a nonlinear algebraic equation
where A, B are two n x n symmetric matrices in R, x e R" and A e R. The classical Newton's method for solving (1.2) has two difficulties: (1) it is only locally convergent, (2) it is not obvious how to choose the starting vectors (zoi Ao)-In this paper we present a homotopy method that is globally convergent and where the starting vectors are obvious. We construct a homotopy from a trivial function, whose roots are easy to determine, to /. It can be shown that there exist n disjoint smooth curves characterised by a differential equation. Therefore one can trace them by an ODE software solver.
Chu in [3] has applied the homotopy method to the ordinary symmetric eigenvalue problems Ax = Ax. Recently, Li and Rhee [4] have given an elegant fast algorithm for this problem. Moreover, a paper by Li and Sauer [5] has proposed some important theoretical results by using the homotopy method for generalised eigenvalue problems. In this paper, we seek to generalise the approach of Chu [3] to (1.1), and to develop some numerical strategies. If both A and B are tridiagonal one has to reduce the generalised symmetric eigenvalue problem to the form L~1AL~Tx = Ax, where B -LL T is the Cholesky decomposition. In general, we have fill-in in the matrix L~1AL~T. We propose that applying the homotopy method to (1.1) together with sparse matrix techniques might be competitive to the QR-method [8] applied to L~1AL~T.
In the next section we shall construct a special homotopy equation and show that this homotopy will work for almost all symmetric tridiagonal matrices A and B. In the third and fourth sections, we refer to the applicability of the method and present some numerical results.
Main theorems
Let A, B be two symmetric tridiagonal matrices and D be an arbitrary diagonal matrix with n distinct elements. Consider the mapping H: R n x R x [ 0 , l ] -» R n x R defined by
H(x, X,t) = [((1 -t){D -XI) + t{A -XB))x,
(1 -x T x)/2], (2.1) x e R " , A e R , t€ [0,l] .
Denote by e* the t'th unit vector in R n . Then we have the following homotopy with 2 0 = (ei,di) and F(z) = [Ax-XBx, (l-x T x)/2] for z T = (x T ,A) e R n x R :
(H(z o ,O) = O
If t runs from 0 to 1, then the trivial matrix pencil D -XI passes over to the matrix pencil A -XB. Let
and F denote the graph of the homotopy equation, i.e.
Denote by 6iH the Jacobian matrix of H referring to the first variables (x,A). We claim THEOREM 1. // rank(C) = n -1, then 6iH is nonsingular for all (x,X,t) er. T Cy = ax J Bx it follows that a = 0 (for x r Bx > 0), therefore Cj/ = 0. We then have y is contained in the nullspace of C. If rank(C) = n -1, the nullspace of C is spanned by x. Because x T y = 0, the vector y must be the null vector.
REMARK. If A ^ a^+i/ftt.j+i in (2.3) for all i = 1, • • • , n-1, where Ot,t+i and bi t i+i denote the subdiagonal elements of A and B respectively, then rank(C) = n -1. Rank(C) < n -1 may occur only when A = a li ,-+ i/6j i ,-+i for some i. THEOREM 2. //rank(C) = n-l for all {x,X,t) £ F, f/iew Me se* F can be characterised by a differential equation 
H(x,X,t).
It is important to know whether the curve F will diverge to infinity or not. For this we claim THEOREM 3 . //rank(C) = n -1 for all (x,X,t) 6 F, then the set F is bounded, and the trivial solution of H(x, A,0) = 0 is connected with the desired solution H(x,X, 1) = 0 by a smooth curve.
PROOF. For any (x,\,t) € F, it is clear that ||z(*)|| < 1-The equation (1 -t)(D -XI)x + t(A -XB)x = 0 can be written as
Applying a lub-norm to the above equation leads to If rank(C) = n -1 for t e [0,1], the differential equation (2.5) satisfies a Lipschitz condition. Therefore existence and uniqueness of n distinct solutions are guaranteed if the starting vectors are linearly independent, and so, under the condition rank(C) = n -1 for t € [0,1], all n eigenpairs are found.
Applicability
Choosing starting vectors *[Q| = Mj' , where e* denotes the ith unit vector and d, the ith diagonal entry of D, we can solve (2.5) by using an adequate ODE-solver, e.g. a predictor-corrector scheme consisting of Adams-Bashforth and Adams-Moulton formulae from Shampine and Gordon [7] can be used. When applying this solver, two function evaluations of the right side of (2.5) are necessary at each step, involving solving two linear bordered systems of the form where b, d and 7 e R n , y € R and C is a symmetric tridiagonal matrix. The complexity of performing the homotopy method depends strongly on how inexpensively and how stably these linear systems can be solved. As C is (nearly) singular, the obvious block elimination may produce large errors, also. Gaussian elimination with partial pivoting will destroy the sparse structure of the system. Therefore we use a slightly modified technique: row interchanges of a k by k band matrix are allowed only in the A; preceding rows, producing a fill-in of k supplemental upper off-diagonals. Applying this technique, we have found some instability in the case of large systems (n > 100), but if n < 100 then this strategy works quite well in practice. Nevertheless, we think that a much better way to solve (3.1) is the so-called stabilised block-elimination developed by Chan [1] , or a method proposed by Osborne [6] , which works as follows.
We assume that we have a sparse factorisation C = LU with L lower triangular and n -1 1 /[/"_! u \ }n V 0 u nn ) }1 where u nn = 0 or u n n = O(a n ) {a n denotes the smallest singular value of C). According to Chan [2] , conventional pivoting strategy will usually be sufficient to produce such factorisation unless C"of its elements. Otherwise, Chan's two-pass algorithm can be applied to force the element u nn in U to be small. (Note that this last algorithm involves row and column permutation, which may destroy the sparse structure). If u nn = 0, then the last row of L~l is in the null space of C; this implies x T = e^L~l because rank(C) = n -1 and
and then
where 6 is found from x T y = 0. A start on the error analysis might be provided by Osborne's paper [6] which considers the calculation of the right and left singular vectors and demonstrates the importance (and often the difficulty) in making u nn = 0. At present it is not clear what method is best suited for problem (3.1). A compromise between preserving the sparse structure and achieving high stability needs to be found.
As we are only interested in z(l) and A(l), it is not worth following the curves too closely. Most of the well-known ODE-solvers can manage the curve tracing problem if there are no singular points (that is, no t where rank(C) < n -1). In the case of breakdown, nothing can be done except to jump over the singular point or to start a new homotopy with another diagonal D. Since singular points occur infrequently for randomly chosen A and B, we did not concentrate on these pathological cases. Instead, we tried to manage the problem in the case rank(C) = n -1 for t E [0,1] by applying the following strategy.
(1) Choose an error bound eps for the ODE-solver, a bound epsl to restrict the residual r = ||i/(x(f), A((),t)||2 at each step and a positive number k representing the maximal number of iterations to refine x(t) and X(t) by inverse iteration. (2) Correct x(t) and X(t) by inverse iteration, if r > epsl. For t = 1, correct the eigenpair as much as machine precision allows. (3) Combine step-size control and order selection in the solver with the magnitude of r, which can be regarded as a measure of curve tracing quality.
It turns out that the overall efficiency of the homotopy method strongly depends on two decisions: In order to find all eigenpairs, we should prevent two curves "running together", else one eigenpair would be provided twice at t = 1. Choosing eps and epsl too large results in the curves not being followed closely enough. In this case, an approximation {x(t), X(t)) could be located between two neighbouring curves, that is, in the domain of attraction of another curve. 
with the condition number
If K,(M(t)) becomes large, then ||(i(t),A(())
T || will also be large, forcing the ODE-solver to take short step sizes. Consider the situation at t = 1/2 with £>=diag(3,2,l): With the choice of D = diag(^4), the homotopy method is able to calculate the three eigenpairs in not more than four steps from 0 to 1 with error bound eps = 10" 1 and epsl = 10~2. So it has to be emphasised that the choice of a suitable diagonal D plays an important role in making the homotopy method competitive. D should be chosen so that K.{M{t)) « K(A) for ( € [0,1]. We have to concede that, so far, we do not know how to choose a suitable D for large n.
Numerical experience
In this section, some examples are given to illustrate the numerical behaviour, by performing the homotopy method and investigating the trace of the curves. All computations were done in FORTRAN 77 on a BASF 7/70 computer (2 -t w 10" 12 ) in single precision arithmetic.
of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0334270000006184
Improving the estimating accuracy of the homotopy method
According to our experience, it is not sufficient to pursue the curves using ODE-solvers without inverse iterative improvement in each step. In fact, the e-tube of the solution curve in this case would be too wide and the results could stray outside the convergence range of Newton's method. Hence we have no chance to correct the computed eigenpairs at t = 1 using inverse iteration.
The following table gives a comparison between the homotopy method and the Qi?-method [8] -We perform one inverse iteration in each step in order to follow the exact trajectory sufficiently closely, and at t -1 force the residual \\Ax -\Bx\\ to be small (of the order of the machine precision using inverse iteration, if high accuracy is required).
EXAMPLE. A, B are two tridiagonal matrices of dimension 8 (see Table 1 ). For the purpose of comparison between the QR and homotopy methods, we do not consider reiterations here at the end step (t = 1). We choose the initial matrix D = diag(-A) for the homotopy method.
In Table 2 , we show eigenvalues with corresponding eigenvectors calculated by an error bound of 10" 1 .
Multiple arrival of the same eigenpair
For the pursuit of the n space curves using an ODE-solver with variable step size, we have to choose an error bound eps in order to limit the local error in each step. When two curves come near at a point ( 6 [0,1], a jump to a neighbouring curve may occur if the e-tube around the exact curve becomes too wide because of too large an error. This "running together" of two curves would not often occur for matrices of small dimension, if eps is chosen small enough (e.g. < 0.01). The following 40 x 40 example will show the cause of a multiple arrival (see Table 3 ). The following pairs mark the curves of index i with the initial vector e<, which run together for eps = 0.1: (7, 14) , (15,20), (16,23), (28,32) and (27, 40) . Pursue all curves with eps = 0.1 and correct the eigenpairs using inverse iteration at the end (see Table 4 ). Multiple attainable eigenvalues are underlined. Pursue all curves with eps = 0.01 and use inverse iteration at the end (see Table 5 ).
From Figures 1 and 2 it is clear that the derivatives (dx/dt, dX/dt) have large norm, exactly at the point at which the curves run together. In fact, (2. In the 20 x 20 example with B = I, large derivatives occur following curves 6, 7, 11 and 15, which force the solver to small step sizes (see Table 6 ).
[12] Symmetric Eigenvalue Problems 241 Figure 5 illustrates the curves of components of the demonstrative eigenvector x(t) (see (2.1)). We see that abrupt alternations occur on the position of large condition in the individual components. 
Possible strategy for the prevention of the multiple arrival of the same eigenpair
Denote by (ij, Aj) an eigenpair, which was computed by the homotopy method with 0 < t < 1. The starting vector was the l-th entry on the diagonal D with the l-th unit vector. Let
Step(Z) := Required number of steps from 0 to 1 for the computation of (xj(l), Aj(l)).
Doub := The set of the indices of the curves which run together. We propose a strategy consisting of two parts which can be combined.
In the predictor step, a jump to another curve can be detected by observation of rotations in the eigenvectors xi(t), xi(t + h) of two consecutive steps. Let a be a bound given by the user, with 0 < s < 1. Then xj(t + h) T xi(t) < s indicates that a jump on a different curve has occurred. The predictor step must be repeated with a smaller step size (e.g. h/2).
In the case of matrices with clustered eigenvalues, it is often not sufficient to observe rotations of eigenvectors (the bound s cannot be chosen optimally). Curves which have run together should be pursued once again with a smaller error tolerance. At first, we try to pursue all curves with a large error bound in order to minimize the number of steps. If multiple arrival of the same eigenpair occurs (/, fc € Doub), we reduce the error bound of the curve with index I satisfying step(Z) < step(fc).
The strategy will be repeated until no double pairs occur (see Figure 6 ). Consider the 20 x 20 example given in Table 7 .
diag. For eps = 0.01 the curves 3 and 13, 2 and 9 run together (see Table 8 ). Since 3 and 2 are pursued with a fewer number of steps, their error bound will be reduced to 0.001; we then have 9 and 2 run together (see Table 9 ). We now reduce the error bound for curve 9 to 0.001; then the curves 9 and 5 run together (see Table 10 ). Finally, we reduce eps for curve 5 to 0.001 (see Table 11 ). 
Conclusion
The above examples clearly show that some numerical difficulties exist when using the curve-pursuit method to solve the eigenvalue problem. In some cases during curve pursuit, the condition of the matrices of linear systems, whose solutions are necessary for the homotopy method, becomes suddenly worse. Therefore, an appropriate choice of the initial diagonal D plays an important role for the homotopy method, especially for large dimensions of A and B. Numerical experience tell us that the choice D = diag(yl) is favourable, although this choice cannot completely avoid the occurrence of large condition numbers. It is remarkable that an ODE-solver with step size control and variable order can be applied to recover the lost eigenpair (because of multiple arrival) using a reduced error bound.
